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Motivated by the isomorphism between osp(4|6) superalgebra and D = 3 Af = 6 superconformal 
algebra we consider the superstring action on the A0IS4 x CP 3 background parameterized by D — 3 
Af = 6 super-Poincare and CP 3 coordinates supplemented by the coordinates corresponding to 
dilatation and superconformal generators. It is also discussed the relation between the degeneracy 
of fermionic equations of motion and the action k— invariance in the framework of the supercoset 
approach. 
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I. INTRODUCTION 

The idea of gauge/string correspondence has been 
elaborated since the early days of string theory. Dur- 
ing the last decade significant progress has been attained 
in understanding the duality between the D = 4 

Af = 4 super Yang-Mills theory and string theory on 
AdSs x S* 5 background. Recently novel example of the 
gauge/string correspondence has been proposed [4| in- 
volving the superconformal D = 3 Af = 6 Chern-Simons- 
matter theory [3^ with the gauge group U(N) x U(N) 
and level k and M-theory on A0IS4 x (S 7 /Zk) background. 
In the t'Hooft limit N, k — > 00 with A = N/k fixed the 
field theory can be effectively described by the II A su- 
perstring on AdSi x CP 3 background. 

For both dualities one of the main unsolved problems 
is to quantize corresponding superstring models. The 
full action for the Green-Schwarz (GS) superstring on 
AdSs x S 5 was constructed in 0, on the symmetry 
grounds using that AdS§ x S 5 is the maximally supersym- 
metric background of Type IIB supergravity and that all 
bosonic and fermionic degrees of freedom fit into the su- 
percoset space PS7/(2,2|4)/(SO(l,4) x SO (5)). It was 
then discovered [1] that such full action is classically in- 
tegrable extending the previous result [1] for the bosonic 
model. This stimulated application of the methods de- 
veloped for the investigation of integrable systems pfj| |. 
However, the nonlinearity of the superstring action even 
after the exclusion of the pure gauge degrees of freedom 
still precludes from solving the quantization problem and 
motivates application of the approximate methods (llj |. 
0. 

To obtain the superstring action on AdS 4 x CP 3 back- 
ground including the fermions it has been suggested in 
13 ! [HI to apply the supercoset method of @ . The main 
observation is that the bosonic degrees of freedom fit 
into the bosonic body {Sp{4)/SO(l, 3)) x {SO(6)/U(S}) 
of the supercoset space OSp(4:\6)/ (SO(l, 3) x 17(3)) that 
also allows to accommodate 24 fermions equal in num- 
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ber to the supersymmetries preserved by the AdS^ x 
CP 3 background. It was shown [l3[ that such super- 
string action involving 24 fermions is invariant under the 
8— parameter k— symmetry transformations and is clas- 
sically integrable. 

Similarly to the AdS$ x S 5 superstring the original 
superstring action on ^(iS^ x CP 3 was given in the AdS 
basis for the Cartan forms with the appropriate choice of 
the supercoset element. The isomorphism between the 
AdS 4 algebra and conformal algebra in 1+2 dimensions 
suggests considering also the superstring action in the 
conformal basis 0. Choosing the OSp(4\6)/(SO(l, 3) x 
C/(3)) supercoset representative parametrized by the D = 
3 Af = 6 superspace coordinates, CP 3 coordinates and 
those associated with the dilatation and superconformal 
generators yields the action with manifest D = 3 Af = 
6 super-Poincare symmetry that is the subgroup of the 
symmetry group on the field theory side of the duality 

1, M- 

It should be noted that despite the fact that the su- 
percoset action on the AdS^ x CP 3 background has clear 
group-theoretical structure, involves the correct number 
of physical degrees of freedom and is classically inte- 
grable, unlike the supercoset action on AdS$ x S 5 , it 
cannot describe all possible superstring motions, as was 
already observed in [l3|. To study such string configu- 
rations the explicit form of the action depending on all 
32 fermionic variables is needed that in turn requires to 
elaborate on the full superspace solution of the II A su- 
pergravity on Ad Si x CP 3 [19] , However, whether such 
full-fledged action for the II A superstring on AdSi x CP 3 
inherits the integrability property remains unknown. 

In section [TT] we discuss the properties of 
the superstring action on the supercoset space 
OSp(4\6)/(SO(l, 3) x £7(3)). In particular, the equations 
of motion for the fermions are cast into the form close to 
that derived in the conventional GS approach [2(| and it 
is proved that in the general case 8 of 24 equations are 
trivial. So that the k— symmetry already manifests itself 
at the level of the equations of motion. This degeneracy 
of the equations of motion for the fermions traces back 
to the form of the anticommutators of the fermionic 
generators of D — 3 Af — 6 superconformal algebra. 



2 



We also give the representation for the k— symmetry 
transformations, that allow to gauge away i of the 
fermionic degrees of freedom, in the form amenable for 
comparison with the GS k— symmetry transformations 
that remove \ of the fermions. 

In section iHll we derive the explicit expressions for the 
Cartan forms in the conformal basis starting from the 
05p(4|6)/(50(l,3) x 1/(3)) supercoset element and use 
them to write the superstring action in the form with 
manifest 5 = 3^=6 super-Poincare symmetry. It 
is discussed the possibility of fixing the gauge freedom 
related to the 8-parameter n— symmetry. 

In the appendixes there are summarized the relevant 
properties of spinors and 7— matrices in D = 2 + 3, 
D = 1 + 3 and D = 1 + 2 dimensions, and there are given 
the details on the isomorphism between the osp(4|6) su- 
peralgebra and D = 3 JV = 6 superconformal algebra. 

II. SUPERSTRING ACTION IN THE 
SUPERCOSET APPROACH: EQUATIONS OF 
MOTION AND k SYMMETRY 

The starting point is the OSp(A\6)/(SO(l, 3) x £7(3)) 
supercoset element that is used to define the left- 
invariant Cartan 1-forms 

&- X (M = G mk (d)M^ + nf(d)Vf 
+ F«(d)O a a +F aa (d)O aa . 

(1) 

The bosonic 1-forms G m n{d), m,n = 0',0, ...,3 are as- 
sociated with the so(2, 3) ~ sp(4) generators M 11 ^ 1 that 
can be split into the so(l, 3) generators M m n , m' ,n' = 
0, ...,3 and the so(2, 3)/so(l, 3) coset generators M° m 
that corresponds to representing the so(2, 3) algebra as 
the AdSi one. Accordingly the 1-forms G m i n '{d) define 
the so(l,3) connection and Go' m >(d) the AdS 4 veirbein. 
Analogously the Cartan forms Q,~Md), i,j = 1, ...,4 

^ - ( n< % ) > ^ = ( 2 ) 

can be split into the 1-forms £l a b (d) corresponding to the 
w(3) generators V a b and the 1-forms fl4 a (d), Q a 4 (d) re- 
lated to the su(4)/u(3) coset generators V a 4 , V 4 a . These 
forms define the u(3) connection and the CP 3 vielbein, 
respectively. The fermionic 1-forms F£(d) and F aa (d) 
are related to the osp(4|6) odd generators 0°, O aa car- 
rying the D — 2 + 3 Majorana spinor index a = 1, ...,4 
and transforming in the vector representation of 5*0(6) 
that decomposes as 3© 3 with respect to SU(3) (see Ap- 
pendix B). By construction the Cartan forms ([T]) satisfy 
the Maurer-Cartan (MC) equations that can be schemat- 
ically written as 

duA + \"B{d) A u c {d)f CB A = 0, (3) 



where f CB a are the structure constants of the osp(4|6) 
superalgebra. 

Under the discrete automorphism T of the osp(4|6) 
superalgebra the so(l,3) and it(3) generators are inert, 
while the remaining bosonic generators change the sign 
T(M°' m ') = -M°' m ', T(K 4 ) = -K 4 , T(V 4 a ) = -V A a . 
The fermionic generators transform as T(0°) = iO^, 
TT(O aa ) = —iO aa . These transformations of the osp(4|6) 
generators induce transformations of the associated Car- 
tan forms and serve as the guide to construct the Z4- 
invariant superstring action 

^ = -\ J d 2 HV=99 lJ (G lQ > m ' G 30 ' m >+n ta % 4 a )+^ wz , 

(4) 

where the Wess-Zumino term is given by the wedge prod- 
uct of the fermionic Cartan forms [2l[ , (22| 

^wz = ~e« J d 2 ZF? a C' afj F? a . (5) 

Two summands entering the kinetic term correspond to 
the AdS 4 and CP 3 parts of the background. The WZ 
term involves the D = 1 + 3 charge conjugation matrix 

The superstring Lagrangian is constructed out of the 
world-sheet projections of Cartan 1-forms; thus to find 
its variation it is necessary to consider the variations of 
relevant 1-forms. Using the general formula for the vari- 
ation of a form 

SF(d) = d(i s F(d)) + i s (dF(d)) (6) 

in the second summand one substitutes the MC equations 

dG°' m ' - 2G m ' n >(d) AG°' n '(d) 

- iF?(d)A^'pe a (d)=0, 

(7) 

dtta 4 + in+a b {d)/\Q b 4 (d) 

- e abc F ab {d) A C a pF^{d) = 0, 

(8) 

dn 4 a + in 4 b {d) An +b a {d) 

+ e abc F b a (d)AC a pF L P(d)=0, 

(9) 

dF« + ^F?(d)AG I!m (d)^f j a + iri- a b (d)AF b a (d) 
+ ie acb n 4 c (d)AF ab (d)=Q, 

(10) 

dF aa + ~FP a (d) AG^d)^^ + iF ab (d) AJ]_ 6 "(d) 
- ie acb n c 4 (d) AF b a (d) =0, 

(11) 
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where G^d^J 2G Q ' m '(dh°' m ' J + 

G m , n ,{d)y m ' n ' J and n ±a b (d) = n a b (d) ± s b n c c (d) 

are the so(2, 3) and u(3) © u(l) connections. Then the 
variation of the 1-forms entering the action Q acquires 
the form 



8G°' m \d) = dG°' m '(S) 



+ 2G m ' n ,(d)G°' n '(5) - 2G m ' n ,(5)G°' n '{d) 
+ iF?(d)j«F 'FP*(S) - iF-(S) 7 °^'F^(d), 

(12) 

sn a 4 {d) = dn a 4 (s) - in +a b {d)n b 4 {6) + in +a b {5)n b 4 (d) 

+ 2e abc F ab (d)C aP F^(S), 

(13) 

sn 4 a (d) = dn 4 a (S) - in 4 b (d)n +b a (6) + ici 4 b (5)n +b a (d) 

- 2e abc F b a (d)C aP F?(5), 

(14) 



8F?(d) = dF^(6)--Fi(d)G sm _(S) 1 ^ a 

- in_ a b (d)Fg>(5) + m- a b (5)F?(d) 

-- ie acb n i c (d)F ab {d)+ie acb n i c (5)F ab (d), 

(15) 



SF aa (d) = dF aa (5) ~ -F fia {d)G m n{5) 1 ^ a 

- iF ab (d)fl- b a (5)+iF ab (S)n- b a (d) 
+ ie acb n c 4 (d)F b a (6) - ie acb n c 4 (6)F b a (d). 

(16) 

Since of the utmost importance is the k— invariance 
of the superstring action Q we concentrate on the 
fermionic contribution to the variation of the action 



Sy\ f = J d 2 ((j?ff }i V?M ja& ? b C^ {+yb (6) 

+ ^ } yjM oa / b c^i_ }i (5)) , 



(17) 



where 



M- Jib - 



_ ( -l5 b G t0 , mn °' m ' a P SPEacbSkl 



(18) 

The expression (fT?]) analogously to the GS superstring 
case [20] involves the world-sheet projectors 



1 



(19) 



obeying the relations 



Vl j = V=99 ij , Vi k g kl v£ l =0, 



v l 4 



rik 



v£ 'v£' = v¥vj l 



± v ± 



(20) 



The fermionic variation parameters and the world-sheet 
projections of Cartan forms have been grouped as follows: 



&{± } S) = 



and 



{±} 4 



rriaa 



F, 



(±)ia 



(21) 



(22) 



They include chiral in the D = 1 + 3 dimensional sense 
spinors F^ ±)a (S), F^ ±)la and their conjugates F^(S), 
F(=j?)j 0- The chiral projectors are defined as 



PI, 



(Sp 



CO 7 s~if \ 



P?p = {P^pf = M-C^C'^) 



and satisfy the requisite properties 



(23) 



P+ 

P±P±=P±, 
because of the relation 



P- = I, 
P+P- = P_P+ 



= 0, 



(24) 



(25) 



The definition {23) is justified by the fact that C afs C' M 
is related to the Ad matrix T?,' 3 



(26) 



To derive (fl7)) we have also used the following properties 
of chiral projectors 



P2pC a ^s = o, Pipi^'Ph - 



o. 



(27) 



The variation (|17p determines the equations of motion 
for the fermions 



/36^{±}i 



0. 



To find whether all of the equations 
we need to compute the rank of Mj' 

I «%. a r< -,0'm'a 



(28) 

are nontrivial 



/96 



~^p£acb^j4 C 



Xa^acbd 4 
— t0 o (jrj0' TO '7 /9 



(29) 
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on shell of the Virasoro constraints 

s.y 1 4 4 

— 29ij9 kl (C!ko'm'Gm' m + ^/ca 4 ^;4 a ) = 0. 

(30) 

In equations (|28|) the 2d vector index of Mj aa ^ is acted 
by the world-sheet projectors (fT!)|) so that only one of 
its components out of two is independent. This can be 
illustrated, for instance, by the action of V± on a vector 
Fj that can be presented as 

VgFi = ViF ±Tl Vl = \( j=g)™ T i ) , 



F± T 



-99 TT F T + {V~99 Ta ± 1)^- 



(31) 



Similarly the result of V± projector action on the Vira- 
soro constraints (l30l) reads 



V± (G± r 0'm' G± T 0' 



vi k vi l 5y 



(32) 



„0'm a 



Then one observes that the matrix G± T o< m 'T "" "p 1S 
nonsingular 

G± T o' m '7° m a fsG±rO'n'1° " ^7 = G± T ± T <5", (33) 



where G± T ± T = G± T o' m >G± T o' m . This allows by the 
rank preserving transformation to bring M T to the tri- 
angular form 



-i<5£G ±r0 ' m <7 




m a 



G.,0 m a 
±r0'm'7 /3 



" G ±T±T 

(34) 

Since the rank of the 3x3 matrix n± Ta 4 £l± T 4 b is unity 
[HI], the rank of M T equals 4x3 + 4x1=16. As a result 
8 out of 24 equations (|2"51) are trivial and this implies via 
the second Noether theorem the 8-parameter fermionic 
symmetry of the action The crucial distinction of 
the supercoset string model [13| from the GS superstring 
on flat background [2(| and on AdS 5 x S 5 6] is that 
the k — symmetry can gauge away only -| of the fermions 
rather than \. This is attributed to the fact that the 
action Q could be obtained by the partial k— symmetry 
gauge fixing from the full action containing 32 fermionic 
degrees of freedom and the 8-parameter fermionic sym- 
metry of ((4]) is the remnant of the 16-parameter symme- 
try of that full action [46[ . 

It is worthwhile to note that the matrix M can be ob- 
tained starting from the matrix of the anticommutators 
of the fermionic generators of the osp(4|6) superalgebra 



{6 aa ,O b } {O aa ,0 ?b } 



(35) 



{O a a ,O b p} {0£,O pb } 
Substituting the explicit expressions for its entries (see 
Appendix B) 



M mi + 2C a p(V a b 
-2C a pe acb V c 4 



6 b V c C ) 2C aP SacbVA C 

-i5i^M miL -2C a p{V b a - 6%V C C ) 



(36) 



and replacing the so(2, 3)/so(l, 3) and su(4)/u(3) coset 
generators by the Cartan forms Aio'm' — > Go> m i(d), 
V a A -> £l a 4 (d), V 4 a -> n 4 a (d) yields up to the overall 
factor the entries of the matrix M. This is of course 
the anticipated result since the action variation is de- 
termined by the variation of Cartan forms that in turn 
depends on the structure constants of the osp(4\6) super- 
algebra. However, this observation could be of more use 
when applied backwards: starting from the matrix com- 
posed of the anticommutators of the fermionic generators 
of the isometry superalgebra for some superbackground, 
whose bosonic part can be presented as the coset space, 
one can study the degeneracy of such a matrix to find 
whether the corresponding string model, constructed us- 



ing the supercoset approach, will be k— invariant. 

Let us consider the n— invariance property of the ac- 
tion Q in more detail. An equal number of physical and 
pure gauge fermions in the GS superstring implied that 
the same matrix with the space-time spinor indices was 
present both in the equations of motion for the fermions 
and the k— symmetry transformation rules. However, 
in the present case M T can not directly appear in the 
k — transformations because it is required that the matrix 
of the rank 8 single out the requisite number of indepen- 
dent transformation parameters. Such a matrix can be 
constructed as the second-order polynomial in the world- 
sheet projections of Cartan 1-forms [l3[ 



5 



K, 



ijct/3 



-iG M 



4 fi b 



(37) 



and is used in the re-symmetry transformation rules for 
the fermionic 1-forms 



ab B 



ijjT-kl v , ab ~8 



P { + }fcife 



(38) 



As the bosonic forms are inert under the re— symmetry 

M 

G , m ,(8 K ) = 0, r» 4 a (^) = 0, fi a 4 («5 K ) = 0, (39) 

the re— variation of the action (j4|) obtained by the substi- 
tution of (I3"5)) into p7|) is compensated by the variation 
of the auxiliary 2d metric 



ap-aa t rtzt r 1 O'm *\r%i' j rjj ~$ 



(40) 



The polynomial structure of K requires the parameters of 
the re— transformation x£ , . . ., , -, „ . . to carry the pair 
of the world-sheet vector indices instead of one as in the 
GS case and to satisfy the (anti)selfduality constraints in 
each index 



1 



1 



{-}akl 



and 



f—.^ V ~ K { + }ak 



--9ijV± X[_y aih = y. 



rrjk~3 



.8 

{-}aiP 



(41) 



(42) 

On the constraint shell defined by the Virasoro con- 
straints (|3U| the rank of the re— transformations equals 8 
so that only i parameters act nontrivially. Note that in 
the re— symmetry transformation rules (|38[) the 2d vector 
indices of the matrix K are contracted with the world- 
sheet projectors V± so only one independent component 

of 4 remains. Thus to find the rank of K± T ± T ^ one can 
solve the eigenvalue problem that amounts to computing 
the determinant of K ~ XI using its block structure 



det(K - XI) 



Aab 

Het I a P 



B a8b 
8b 



det Adet(D - CA^B) 



(43) 



where 

= ^^a 6 , A a b = (G± T ± T — X)S b + f2± Ta 4 f2± r4 b , 



b _ in . . WXb i o . 4p . ,b 

D aa 0b — 5 c p{{G± T ±T — x)s b i + n± T 4 a n± T i, 4 ), 

^a8b — '"irO'ra'l 

-.TQ'm'l" "' " ' 8 £ " 

(44) 



'7 8 £ acb*l±T4 



Caab -r^i _,0 m a ^acba 4 



The addition of XI renders the matrix A a b nonsingular, 
det A = —X(G± t ±t — A) 2 , and its inverse is given by 



A-\ a 



1 



(X52 + n ±Tb 4 n ±T4 a ). (45) 



A(G± T ± r — A) 
Then the calculation yields that 

det{K - XI) = A 16 (A - 2G ±T±T f 



0. 



(46) 



One finds that 8 of 24 eigenvalues of K are nonzero 
proving that its rank indeed equals 8. So that the ma- 
trices M and K are complementary in the sense that 
rankM + rankK = 24. 



III. SUPERSTRING ACTION IN THE 
CONFORMAL BASIS 

The introduction of the (1 + 2)— dimensional super- 
conformal group generators (|B13|) . (|B23[) (see Appendix 
B) implies via (HJ the introduction of the corresponding 
1-forms in the conformal basis 

A(d) = G ' 3 (d), uj m (d) = -(Go'm(d) + G 3m (d)), 
c m (d) = G 3m (d) - G > m (d), m = 0,1,2 



and 



K(d) 



F aa (d) 



\Xp-a/ \ /v/i 

So that the expression (TTJ acquires the form 



(47) 



(48) 



d<3 = G mn (d)M mn + 6j m (d)P m + c m (d)K m 
+ A(d)D + fl a b (d)V b a + n a 4 (d)V 4 a 

+ n 4 a (d)v a i + n 4 i (d)v 4 i + ^(d)Qi 

+ ^ a (d)Q^ a + x»a(d)S» a + 11(d) S^. 

(49) 

It follows from (g]) and the definition gTD, (@5J that the 
Cartan forms w m (d), c m {d), A(d) and u%(d), Co^ a {d), 
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X/xa (d) , X% id) enter the superstring action. Relevant MC 
equations in the conformal basis read 

dCj m - 2A(d)Auj rn {d)-2G m n {d)Auj n (d) 

+ 2iu)%(d)Aa™6» a (d)=0, 
dc m + 2A(d) Ac m (d)-2G m n (d) Ac n (d) 

dA - u; m (d)Ac m {d)^i(^ a (d)Ax t , a (d) 
+ w£(d) A = 0, 

dn a 4 + in +a \d)An b \d)~2e abc ^\d)A^(d) = o, 

dn 4 a + in 4 b (d) An +b a {d) + 2e abc uj£(d) Axnc(d) = 0, 

(50) 

and 

du>£ - A(d)A^(d) + ^(d)AG mn (d)<r mn ^ 

+ u m (d) A a%x„a(d) + iQ & \d) A fl£(d) = 0, 

(51) 



The bosonic real coordinates x m and if parametrize 
AdSi, while 3 complex coordinates z a and their conju- 
gate z a parametrize CP 3 . The anticommuting coordi- 
nates can be divided into 0% , 0^ a related to the Poincare 
supersymmetry and r] liai fj 1 ^ related to the conformal su- 
persymmetry. Then the calculation yields for the Cartan 
forms associated with the so(2, 3)/so(l, 3) coset genera- 
tors 



Lj m (d) 

uj m (d) 



= dx r ' 



uj m (d), 
id0 



ieZa^de™, 



c m (d) 
c m (d) 



= e 2v c m 



(d), 



-id^ad^nl + iw mtl "df) a v 

2(d0 /4o + \^a(d))a m ^n a AvX) 

2^ a a m ^(d0i + 



(57) 



(58) 



d X ^ + A(d)A X »a(d) + ^G mn {d) Aa mn ^xua(d) 



c m (d) A a™M{d) + in&\d) A X ^(d) = 0, 



where the fermionic 1-forms have been grouped 



a£(d) 



X»a{d) 



V" 



(53) 



according to the decomposition of the 50(6) vector rep- 
resentation into the SU(3) irreducible parts. The ele- 
ments of the matrix f2a b (d) are the components of the 
sm(4) Cartan forms ((2J 



_ ( n a b - s b n c c e acb n 4 c 
-e acb n c 4 -n b a + s%n c c 



Va b (d) = 



It is antisymmetric w.r.t. the metric 
H ( ° S « 



(54) 



(55) 



thus having 15 independent components. 

To obtain explicit expressions for the Cartan forms 
in the conformal basis we consider the following 
05p(4|6)/(50(l,3) x 17(3)) supercoset element 



A(d) = dip + id$£f% + idS^^a, 



(52) where 



(59) 



C£(d) = -a m ^U m (d)r, va , t» a (d) = -d m ^UJ m {d)nl, 

(60) 

and for those associated with the so(l,3) generators 

G mn = ^(d0^ a + l^(d))a m \^t 
- i{d0^ a + \^ a {d))d mn ^Vu a - 

(61) 

For the su(A) Cartan form matrix (l54l) we find 

na\d) = flta 6 (d) + n m \d). (62) 

The bosonic contribution is given by 

f2 h& \d) = lT & £ df £ b 

£lba b — S b nb c C £ach^b4 C 

>b 



e acb VL bc A -n bb a + S?Q hc c I ' 



(63) 



(56) where the unitary matrix T equals 
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„6 (1-cos 



g= 5 b a cos\z\ + z a z b ^ 

a \ ^n^acb^ sin \z 

\ Lt Zc \z\ 

So that the explicit form of the entries of J?ba b (rf) is given by 



5% cos|z| + z a z b — p 



c sin \z 
\z\ 

a - (1-cos |z|) 



Z = Z Z a 



n ha b (d) 


. (1 — cos \z\) 


n ha \d) 


, sin z 
= dz a — r ^ + : 


n hi a (d) 


= d^^+. 
\z\ 



(z a dz b - dz a z b ) - iz a z b {1 ™*} ZI)2 (dz c z c - z c dz c ), 



sin \z\(l — cos \z\ 

1 



2\z\ 



2\z\* 

-(dz c z c — z c dz c ) + z a 
^-(z c dz c — dz c z c ) + z a 



1 sin | z | 
1 sin|z| 



d\z\, 
d\z\ 



(64) 



(65) 



r 



The fermionic contribution can be presented as 



n m b (d) = (T^(d)T)a b , 
*~ b (d) ( ^"-^ C 



£acb*4 C 



(66) 



where the entries of ^>a b (d) equal 

*a b (d) 



2« + ^C(d))< - 2(d9» b + |c"*(d))*7#*» 



2e abc (d^ b + le b (d))% 



^ a \d) 

* 4 Q (d) = -2s abc (de^+^(d))v, 



fIC • 



(67) 



The expressions for the fermionic Cartan forms can be 
brought to the form 



U! 



fia 



= e^T- b 



-.fib 



oj£(d) = d9% + C£(d), uj^ b {d) = d9^ b + {^(d) 



and 



where 



,->a I — e 1 a 



(68) 



(69) 



X/j.a(d) = d-q^a + 2ir) b ft d6 b T] I/a + 2ir/ f _ lb d9 ub 7j l , a 

+ i(d6„ a + C m {d)W b f) b v ), 

X%d) = df}« + 2i^ b d6» b t v + 2ifild6ln a v 

+ i(dei + c{d)w b n b v ). 



(70) 



In terms of the Cartan forms in the conformal basis 
(14T1) . (|4*51) the superstring action (g]) acquires the form 

y = -\j d 2 ^—<r Q(^r + 5D(^+c mj ) 



-e • 



(71) 



It has a rather complicated structure with the kinetic 
term containing contributions up to the 8th power in the 
fermions and the WZ term up to the 6th power. Note, 
however, that similarly to the AdS§ x S 5 superstring an- 
ticommuting coordinates 9%, 9^ a related to the Poincare 
supersymmetry enter expressions for the Cartan forms 
utmost quadratically and the nonlinear fermionic contri- 
bution is due to rj^ a , ff^ related to the conformal super- 
symmetry. For the AdS§ x 5 15 superstring there have been 
proposed the k— symmetry gauges that entirely remove 
the coordinates r\ so that the action becomes quadratic 
[26| or quartic in the fermions [27j , [H[ , [l6[ . This seems 
to be the simplest known form of the AdS$ x S 5 su- 
perstring action. In the case under consideration it is 
impossible to gauge away all 12 coordinates r\ by the 
8-parameter k— symmetry transformation. Among the 
SO(l, 2) covariant gauges one can consider the gauge 



Vna = [ ^ A ) , V^A = 0, 



(72) 



where the index A corresponds to the fundamental repre- 
sentation of SU(2), that removes 8 coordinates r\. In this 
case the following entries of the matrix (|6"6"|) ^i 2 = 4 , 2 1 = 
^4 3 = = turn to zero and the kinetic term of the 
superstring action ([7T|) becomes utmost of the sixth order 
in the fermions. The gauge 



= 0, 7^3 = 



(73) 
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removes an equal number of 9 and rj coordinates [48j . In 
this gauge vanish the components of the Cartan forms 
*i, 2 4 = *4 li2 = *i,2 3 = ^a 1 ' 2 = and u% = 0, Xai3 = 0. 
More substantial simplification can be attained, e.g., by 
considering the noncovariant condition 

Via = (74) 

that partially fixes the k— symmetry gauge freedom. In 
such a case c 1 = 0, while other components of the Car- 
tan forms (|58|) become quadratic in fermions and also 
Xia = Xi = so that the kinetic term of the action 
(|7ip contains the fermionic contributions up to the fourth 
power and the WZ term up to the second power. Then 
the remaining freedom can be used to turn to zero extra 
Cartan form components. 



IV. CONCLUSION 

In the present paper we have considered in the frame- 
work of the supercoset approach the superstring action 
on the AdS^ x CP 3 background [l3[ in the conformal 
basis for the Cartan 1-forms motivated by the isomor- 
phism between the osp(4\6) superalgebra and D = 3 
Af = 6 superconformal algebra. We have obtained the 
expressions for the Cartan forms explicitly covariant un- 
der the D = 3 Af — 6 super-Poincare transformations 
starting from the 05p(4|6)/(50(l, 3) x 17(3)) supercoset 
representative parametrized by the coordinates associ- 
ated with the D = 3 Af = 6 superconformal generators. 
These results can be used to establish a more transparent 
relation to the field theory side of the AB JM duality [4j . 

We have also derived the 50(1,3) x SU(3) covariant 
expression for the matrix M that enters the equations 
of motion for the fermions and have shown that in the 
general case its rank equals 16 implying via the second 
Noether theorem the 8-parameter k— symmetry of the 
action. The form of the matrix M can be found by in- 
specting the anticommutation relations of the fermionic 
generators of osp(4|6) superalgebra. The complementary 
matrix K that enters the k— symmetry transformation 
rules is quadratic in the world-sheet projections of Car- 
tan forms rather than linear as for the GS superstring 
and we have proved in the 50(1,3) x SU(3) covariant 
way that the rank of K equals 8. These results outline 
the similarities and differences of the supercoset formula- 
tion for the superstring on AcLSa x CP 3 background and 
the conventional GS one. 

It was suggested in ^ that the OSp(4\6)/ (SO{l, 3) x 
1/(3)) supercoset action could be obtained by partial 
gauge fixing of the n— symmetry in the full superstring 
action on AdSi x CP 3 background. However, it is in- 
teresting to note that such supercoset action per se may 
be viewed as belonging to the family of the models of 
pointlike [3(|-[32| and extended [Hj]-[3i| objects in ex- 
tended superspaces describing the BPS states preserving 
exotic |49f fractions of the space-time supersymmetry. 



Here the role of extra superspace variables complement- 
ing the super-Poincare ones is played by the bosonic z a , 
z a , ip and fermionic rj^a, fj'h coordinates. 

As the extension of the presented results one can exam- 
ine the supercoset action invariance under the full D = 3 
Af = 6 superconformal transformations, derive the corre- 
sponding Noether charges and calculate their algebra. It 
is of interest by fixing the gauge freedom to seek for the 
simplest form of the action to be compared with that for 
the AdS$ x S 5 superstring. Novel insights into the struc- 
ture of the action and the quantization problem could 
also be gained by working out the first-order formulation 
in analogy with the GS superstring on flat background 
[37j and elaborating on the twistor transform (38|]. We 
hope to address these issues in future. 
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Appendix A: Spinors and 7 matrices 

The D = 2 + 3 spinor indices are raised and lowered 
by means of the antisymmetric charge conjugation matrix 
and its inverse 

■ijj a = C a %, ^ a = C a0 i>P. (Al) 

The spinor ip a is composed of a pair of the (1 + 2)- 
dimensional spinors 

*-Q *■-&) (A2) 

and the charge conjugation matrix and its inverse admit 
the representation in terms of the 2x2 unit matrix 

°*-U"F)- (A3) 

The position of indices of the 2-component spinors can 
be changed as follows: 

£tiv£ — & — £21 — JL« 

(A4) 

The Majorana condition in 1 + 2 dimensions 

(^)V ^ = e^ipP (A5) 

amounts to the reality of the spinor components in the 
chosen basis, where a ^ = 5^. Accordingly in 2 + 3 
dimensions the Majorana condition 

(r)Hf i°) a = cp a r (A6) 



9 



is satisfied for the spinors composed of a pair of the 
(1 + 2)— dimensional Majorana spinors. Because of the 
relation (7 ~f°) a pC^ 1 = —S aj it also amounts to the 
component by component reality of a spinor. 

The (2 + 3)— dimensional 7— matrices in the Majo- 
rana representation can be realized in terms of the 
(1 + 2)— dimensional real 7— matrices 



-v ' 

fa/3 







^ ^ aP = _(^ 

Suu 



, 7 



ct"V 



lap I - a ™H 



jTna/3 



G m ^ v 

i m v T 



-e^ 



e^J' 



(A7) 



where 



<r™ - (I, a 1 , -a 3 ), a m ^ = £ <*W^ = (/, -a\a 3 ) 

(A8) 



They satisfy the Clifford algebra relations 

7^7^ 7 + 7^7^ 7 = -2^2, 
V— =(-,-,+,+,+), ^maP = c^CP s ^ s 

(A9) 

as a result of the D = 1 + 2 relations 
The so(2, 3) generators are defined as 



7 



(All) 



Their explicit form in terms of the above introduced 
7— matrices is found to be 



7" 



/ ran v n. 

mn fi _ " M U 



5- mri ^ / ' 
-ol 



-,0'm I " "^f 



.,3m 



y ' 



mn v 1 ( ~ra ~n\i> _n ~mAy\ ~mnu ran ^ 

(A12) 



The (1 + 3)— dimensional charge conjugation matrix 
that enters the WZ term and its inverse can be realized 



as 



C — — i'y ' — i ( £ v v ® 
U «)3 _ ? 7 Q/ 3 - M q £ nv 



./£'"' 
e nv J ' 



(A13) 



T— matrices in D = 1 + 3 dimensions are defined as 

T m ' J 3 — — 72^'C" 7/3 : 
vm p _ ( \ 3 ^ _ / 

^ ^rauv q j. 1 a ^ 

(A14) 

They obey the Clifford algebra relations 

r m ' Q T™'/ + r n ' Q T m ' / = -2?f iV jf . (Ai5) 

The matrix T 5 = r°r 1 r 2 r 3 then equals 



p5 P _ ( E uv 

' " 1 -e^ 



(A16) 



Appendix B: osp(4|6) superalgebra as D = 3 A/" = 6 
superconformal algebra 

The (anti)commutation relations of the osp(4|6) super- 
algebra can be written in the supermatrix form 

H-rO^OtM + (-) W+m) G k MO L M), 



where 



/ G a ji 



(Bl) 



(B2) 



is the orthosymplectic metric composed of the D = 2 + 3 
charge conjugation matrix C a p and the unit metric 5u 
in the vector representation of 5*0(6). The supermatrix 
Oj^j^ has the following block structure 



n _ ( O a ji O a J 

u mn - y 0ip o u 

with the blocks obeying the reality 



(B3) 



0*1/3 - ~0l/3, 0*jj 



-0 



I.J 



(B4) 



and (anti)symmetry 

^MN = ( _ ) mn ®NM '■ Oa/3 = Ofja, O a J = Oj a , 



OlJ = -Oj! 



(B5) 



conditions. The block structure of implies that the 

(anti)commutation relations of the osp(4|6) superalgebra 
can be divided into 5 groups 



[O a p,Oy$] = i{C ai Op$ + CagOpy 
+ Cp^OaS + CpsO ai ), 



(B6) 
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[Oij,0 K l] = SikOjl - SilOjk 
- 8 JK OiL + SjlOik, 



{O a j, 7 i} = —SjLO al + iC al OjL, 

[O a p,0 1 L] — i{C ai OpL + C / 3 7 O q l), 
[Ou, 0~ <L ] = Si L Ojj - SjlO^i. 



(B7) 
(B8) 
(B9) 
(BIO) 



The commutation relations of the first group can be 
cast into the so(2, 3) algebra relations 

[AfM M—} = rj—M— - rj^M— - n— M— + jj^M— 

(Bll) 

by the transformation M— — jj— al3 Oa/3, O a /3 = 
~l"tTp L Mmn- Separating the generators that carry the 
second time direction index one arrives at the AdS^ al- 
gebra 



M°' m ' ,M°' n ' 


= M m ' n ', 




M°' k ',M m ' n ' 


= rj k ' m 'M°' n 


- r] k ' n ' M°' m 


M k ' l ',M m ' n ' 


= v k ' n 'M l ' m ' 


- rj k ' m ' M l ' n ' 




- rf' n ' M k ' m ' 


+ rf' m 'M k ' n ' 



(B12) 

Introducing the (1 + 2)— dimensional dilatation D, mo- 
mentum P m and conformal boost K m generators 

D = 2A/ ' 3 , P m = -(M°' m + M 3m ), 
K m = M 3m - M°' m 

(B13) 

the AdSi algebra commutation relations transform into 
the con/3 algebra commutation relations 



[P m ,D] 


= -~2P m , 


[K m ,D] = 


[P'"\K n ] 


= rj mn D + 


2M mn , 


[P l ,M mn ] 


— jjrnpn _ 


rf n P m , 


[K l ,M mn ] 


= rf m K n - 


- t] ln K m , 


[M kl ,M mn ] 


= n kn M lm 


- 7j km M ln 




- rf n M km 


+ rf m M kn , 



(B14) 

By converting the so(6) generators into the su(A) gen- 
erators 



(B15) 



where p IJ f = \(pL, 



relations (|B7[) reduce to 



P^iP )•> ^ ne commutation 



(B16) 



The sit(4) generators can be split into the w(3) generators 
V a h and the su(4)/u(3) coset generators V a 4 , V± a 



V I fi b ^4 ), V 4 4 = -V a a . (BIT) 



Then the su(4) algebra commutation relations (|B16|) ac- 
quire the form 

[V a 4 , V] = i{V a b + S b a V c c ), [V a \ V b c ] = -i5 c a V b \ 
[V a \V c d ] = i(5 b c V a d -5 d a V c »). 

(B18) 

By contracting the 50(6) vector index / of the osp(4\6) 
fermionic generators O a i with the D — 6 antisymmetric 
chiral 7— matrices p~~ and p 1 ^ that satisfy 



pLp Jik + P ip Ijk = 25 IJ 6^ 



(B19) 



the anticommutator (IB8|) is brought to the form 



+ 2C a!i {b\vj - S^ 1 + Sty" - Slvf). 

(B20) 

Performing the 3 + 1 split of the SU(A) indices i = (a, 4), 
j = (6,4), using the duality relations 



O 



ab 



O a b — —£abc0 4c , 4a = —^e abc Obc, 
-e abc Oic, Oi a = —\EabcO hc \ £123 = £ U3 = 1 

(B21) 



that stem from the SU(4) duality relations 



(B22) 



introducing the (1 + 2)— dimensional supersymmetry Q®, 
Q^ a and superconformal S^, S% generators 



(&=[ ®?\ o aia =( Q » a 



si; 



(B23) 



substituting the expressions (|A12[) and the definition of 
the con/3 generators (|B13j) we are able to bring the re- 
lations (|B20I) to the anticommutation relations of D = 3 
Af = 6 superconformal algebra in the SU (3) notation 

{Ql,Qub} = 2i5%a™P m , {S^ a ,Sn = 2i5^a m ^K m , 
{Ql,S vb } = 2S;e abc V c 4 , {Q»a,Sn = -Ke a bcV 4 c , 

- 2S;(Vb a -5 a b V c c ), 
{Q„ a ,S ub } = -i5 b S;D + i5 b <j mn ^M mn 



+ 25»(Va b - S b V c c ). 



(B24) 
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The commutators of (|B9[) and (|B10I) define the prop- 
erties of the fermionic generators under the SO (2, 3) and 
50(6) transformations. In particular, using the defini- 
tion of D = 3 N = 6 generators (|B13)l and (|B23)l we 
get 



and 



[AQ£] 

[M mn ,Q^ a ] 

[K m ,QH 
[D, S" a ] 

[M ra ", S>> a ] 

[M mn ,S%] 
[P m ,S*H 



Q tii l^s Qwa] — Qf-iai 



2 m 



i 

— < 

2 



[if m ,Q Ma ] = <7™S„, 



-a p Q„, . A p J = -er 



-6 b Q^-i5 c a Q% [V 4 a ,Q b l } = ie abc Q^, 



l -5 b a S» c - i5 c a S^ b , [V 4 a , S^} = ie abc S£, 



--6 b J? + i8 b c S^ [V a 4 , Sg] = -ts abc S^. 

(B26) 



(B25) 
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